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Abstract—We consider the first mixed problem for the Vlasov—Poisson equations with an external
magnetic field in a half-space. This problem describes the evolution of the density distributions of ions
and electrons in a high temperature plasma with a fixed potential of electric field on a boundary. For
arbitrary potential of electric field and sufficiently large induction of external magnetic field, it is
shown that the characteristics of the Vlasov equations do not reach the boundary of the halfspace. It
is proved the existence and uniqueness of classical solution with the supports of charged-particle den-
sity distributions at some distance from the boundary, if initial density distributions are sufficiently
small.

Keywords: Vlasov—Poisson equations, mixed problem, classical solutions, external magnetic field,
half-space.

DOI: 10.1134/50965542517030137

1. INTRODUCTION

The Vlasov equations were first obtained in [1]. Now they are one of the best-known mathematical
models in the kinetic theory of gases including high temperature plasma. The study of these equations has
made it possible to predict a number of physical phenomena such as Landau damping effect [2]. For the
applications of Vlasov equations in physics, see [3] and the bibliography given there.

The majority of mathematical papers in the field of Vlasov equations are devoted to the Cauchy prob-
lem. The global solvability of the “smoothed” Vlasov equations was investigated in the papers of Braun
and Hepp [4], Maslov [5], and Dobrushin [6].

The existence of a global generalized solution of the Cauchy problem for the Vlasov—Poisson equations
was proved by Arsen’ev [7]. The existence of a global generalized solution and its weak stability in the
case of the Cauchy problem for the Vlasov—Poisson and the Vlasov—Maxwell equations were studied in
[8—12].

The existence and uniqueness of a classical solution of the Cauchy problem for the Vlasov—Poisson
system with small time or small initial data was proved by Arsen’ev [13] and Bardos and Degond [14].
Global classical solutions of the initial problem for the Vlasov—Poisson equations were studied in [15—21].
The Landau damping effect was studied in [22, 23].

Much less attention has been paid to the existence of solutions of the Vlasov equations in domains with
boundary. The studies here have been mostly focused on generalized solutions of mixed problems for the
Vlasov—Poisson equations and the Vlasov—Maxwell equations, see Arsen’ev [24], Weckler [25], and oth-
ers. The global existence of classical solutions of mixed problems for the Vlasov—Poisson equations in a
half-space with Neumann or Dirichlet boundary conditions for the electric-field potential and the con-
ditions of elastic reflection for charged-particle density distributions on the boundary was proved by Guo
[26], Hwang, and Veldzquez [27]. The main difficulties in the study of classical solutions for these prob-

1 The article.was translated by.the.authors.
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542 SKUBACHEVSKII, TSUZUKI

lems have to do with the behaviour of the characteristics near the boundary. The existence of classical and
strong solutions of mixed problems in the general case is still an open problem, see Kozlov [11], Samarskii
[28], and Weckler [25]. This problem is relevant to the design of a controlled thermonuclear fusion reac-
tor, a mathematical model of which is described by mixed problems for the Vlasov system with respect to
the density distributions of charged particles of opposite signs in a bounded domain. The production of a
stable high-temperature plasma in a reactor requires that the so-called plasma column be strictly inside
the domain during some time interval in order to keep it away from the vacuum container wall [3, 29].

In this paper we consider the Vlasov—Poisson system of equations

—AQ(x,1) = 41'ceI > BPpndp (xeR,0<t<T), (1.1)

R3 B=%l1

p
P L0V ")+ Bel-V 0+ 1p BLY /P =0
ot m mc

(xeR, peR’, 0<t<T,B==l). (1.2)

Here ¢ = ¢(x,?) is the potential of the self-consistent electric field, f P = f p (x, p, 1) is the density distribu-
tion function of positively charged ions (for B = +1) or of electrons (for 3 = —1) at a point x with impulse p at

atimet,V and V , are the gradients with respect to x and p, respectively, m*" and m™" are the masses of
an ion and electron, e is the electron charge, ¢ is the velocity of light, B = B(x) is the induction of an
external magnetic field, (-,-) is the inner product in [RQ3, [-,-] is the vector product in [RQ3, and
R} = {x = (x,xpx35) € R’ : x, > 0}

Assume that the following initial conditions hold:

PPl = A p) (xe R, pe R, B=xl), (1.3)

where foﬁ are given nonnegative functions.

Suppose also that the function @(x, 7) satisfies the Dirichlet condition

O D0 =0 (X=(xx)eR,0<7<T). (1.4)

Unlike other authors, we consider the solutions having supports of the charged-particle density distri-
butions, which lie at some distance from the boundary. To obtain such a solution we assume first that in

some layer the external magnetic field B is parallel to the boundary {x € R’ : x; = 0} and is sufficiently

strong, and second that the initial density distributions fOB(x, p) have compact supports lying at some dis-
tance from the boundary. These assumptions imply that the characteristics do not intersect the boundary.
This phenomenon can be interpreted physically as follows: the charged particles do not reach the walls of
the vacuum chamber of the thermonuclear fusion reactor because they move along trajectories close to
the Larmor ones. According to [3], the presence of a considerable number of particles on the boundary
can result in either destruction of the reactor walls or in cooling of the high-temperature plasma due to its
contact with the reactor walls. In majority of thermonuclear fusion reactors an external magnetic field is
used as a control ensuring plasma confinement [3, 29]. As distinct from other papers (see, for example
[27]), which have dealt with the Vlasov—Poisson equations for particles of the same sign, we are concerned
here with those equations for a two-component plasma, since the word “plasma” is used in physics to des-
ignate this high-temperature state of an ionized gas with charge neutrality [3].

The paper is organized as follows. In Section 2 we introduce the notation and formulate the assump-
tions concerning the external magnetic field B(x) and the initial density distributions foﬁ(x, p). In Section 3 we
study the characteristics of system (1.2) in [R{i x R* x (0,T) for a fixed potential ¢. If the magnetic field B
is sufficiently strong, we prove that the characteristics starting from some layer {x € R*: 50/8 < x; < 0},

0 > 0, do not reach the boundary {x € R’ : x; = 0}. This phenomenon is well known in plasma physics.
Charged particles are moving along trajectories, similar to circular or helical paths (so-called, Larmor tra-
jectories) with sufficiently small amplitudes. In Section 4 we consider estimates of characteristics deriva-
tives. with.respect to.initial. data.and dynamics of supports for charged-particle density distributions. Sec-
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. . . . _ B B .
tion 5 is devoted to the estimates of norms for functions F(x,7) = .[W Zﬁzil qu, (x, p,t)dp , where f isa

solution of problem (1.2), (1.3) with a fixed potential of electric field ¢. In Section 6 for sufficiently small
initial density distribution functions we prove the existence and uniqueness of a classical solution to prob-
lem (1.1)—(1.4) with the supports, which lie at some distance from the boundary. We note that the Vlasov—
Poisson equations for a two-component plasma with external magnetic field in a half-space and in a cyl-
inder were studied in [30—32]. In contrast to these papers we obtain explicit upper bound for the norms
of initial density distributions providing the existence and uniqueness of a classical solution to prob-
lem (1.1)—(1.4).

2. NOTATION. THE MAIN RESULT

2.1. Denote by C*(R") (C S(@)), s >0, ne N, the Holder space of continuous functions in R" (@),

having continuous derivatives in R” (R’}) up to the kth order, k = [s], with the finite norm

lu|l, = maxsup|2°u(x)] for s=keZ, 0<k,
sk 2.1)
lledly = ||l + |l for s=k+o, 0<keZ, 0<o<l],

where

|uly+o = maxsup e — 1 °|D%u(x) - D u(y) (2.2)

o=k xzy

o (Y (o )"
QD = — s | T— ) = [EEES] n’s
[axlj [axnj o= (O )

o =0, +...+0a, RI={x=(x,..,x,)eR" x, >0
Let CR") = C°R") and CR") = C°R").

Similarly we can define the space C 1([Ri xR x [0,7']) of bounded continuous functions with bounded

continuous first order derivatives in [Ri xR* x [0, 7.

Remark 2.1.If s =k +06,0< ke Z,and 0 < ¢ < 1, then we can endow C*(R") (respectively, C*(R"))
with the equivalent norm

ey = lleallue + [ulisos5 (2.3)
where
|tlsop = max sup |x =y %D u(x) - Du(y), 0<b<l, (2.4)
o=k X#Y,
|x—y|<b

and ||u|[, <|lull, < klldll,, k; = k,(6) > 0 does not depend on u.

Remark 2.2. Forany s > 0, the spaces C*(R") and C*(R') are Banach spaces. If s =k +06,0< ke Z,
and 0 < ¢ < 1, then the space C*(R") (C*(R})) is not separable, and the set of infinitely differentiable
functions in R"(R’) with finite norm || . ||s is not dense in C’'(R") (C*(R))).

LetC k([R{") with k,n € N denote the space of k -times continuously differentiable functions on R" hav-
ing.compact.supports.

COMPUTATIONAL MATHEMATICS AND MATHEMATICAL PHYSICS Vol. 57 No.3 2017

www.manaraa.com



544 SKUBACHEVSKII, TSUZUKI

Denote by C S(Ri) the space of vector-valued functions ¥ = (¥,, Y,, ¥5) having coordinates Y¥; € C S(Ri)
with the norm

0<m<k |o=m

3 2
1Ylly = max(¥),, (¥}, = {Z maXIIQDO‘YiHﬁ} for s=keZ 0<k,
i=l
1

3 2
1Yl = 1Y + Mser WMo = {Z |Y,»|i+6} for s=k+g, (2.5)
i=1
0<keZ, O<o<l.

We introduce the Banach space C(]0,T],C S(@)), s >0, of continuous functions
[0,7]1> t - ¢(,7) € C*(R}) with the norm
loll.r = sup [lo¢, D), (2.6)

0<i<T
Similarly we can define the space C(|0,7], Cé([R?i)), where Cé(RTi) ={we CS([R?i) :suppw C Q},
Q c R} is a bounded domain.
We also consider the Banach space L,((0,7),C S(@)), s > 0, of the Lebesgue measurable functions
(0,T) >t > ¢, 1) e C'(R>) with the norm

T

= [llot. o)l . 2.7)

0

N9l ooty

Let M, ={pe C([O,T],CS([R{i)) : ||(p||L((0T)C3(R—3)) <R}, R>0, s>0. Clearly, M, is a complete

metric space with metric p, x(, W) = || — ;7.

Let B,(x,) = {xe R’ : ‘x - x"‘ <7, B, =B,0),|B|=4nr’/3,and R} = {xe R* 0 < & < x,}.

In what follows, k;, ¢, ki> ¢ ; are positive constants.

2.2. We now formulate the conditions which the magnetic field B and the initial charged-particle den-
sity distributions fOB(x, p) must satisfy.

Condition 2.1. Let Be C 1+"([RTi) and let B(x) = (0,0, ) for §/4 < x, < », where

16c
ed
%, O, p, R, h > 0 do not depend on x, 98/8 < min{x, 1}, and y € C([0,°), [0,1]) is the nondecreasing func-

tion given by
1 1 -1
2 2(1 —cos( e_}i t))z, te {O,m cn}’
W(r) = m ¢ eh

l, te OM«J
> b eh b

() (P +~3eR) < h, (2.8)

Remark 2.3. Clearly, inequality (2.8) is equivalent to the following

1

3%eR < Pr=P=P2=Pi (2.9)
where p, and p, are such that
hed
= =20, —p. 2.10
Pi 16ey(T) Pr=2Pp =P (2.10)
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Denote
Dy = (R}, N B,,)XB,, (2.11)
where §,%,,p, > 0 are such that < §, < x, < x — /8, p, < p.

Condition 2.2. Let £ € C"°(R®), and let supp f} < B,.

Definition 2.1. A vector-valued function {o,f B} with ¢e C([0,77], C2+G(IRTi)) and f Pe
Cl([RTiX R’ x [0,7]) is called a classical solution of problem (1.1)—(1.4) if J‘R3 BfB(‘,p, tdp €
C([o,T], Cg(lRTi)), where Q R’ is a bounded domain, Q Ri, o(x,t) = 0 as|x| — o forany ¢ e [0,T],
and {o, f P } satisfies equations (1.1), (1.2), the initial conditions (1.3) and boundary condition (1.4).

3. TRAJECTORIES OF CHARGED PARTICLES IN MAGNETIC FIELD

3.1. Assume that Conditions 2.1 and 2.2 are satisfied. Given a fixed function € M,,; , Eq. (1.2) with
initial condition (1.3) can be solved using the method of characteristics. To this end, we consider the fol-
lowing system of ordinary differential equations:

dX(Ez 1

—P) (0<t<T, B==I), (3.1)
dT mB
ap?
—2 = BeV. G(Xb,T) + k[Pq?,B(A(f;)] O0<t<T, B==1) (3.2)
drt mgc
with initial conditions
Xl =x (B=x), (3.3)
Pllo=p =t (3.4)

where xe R}, pe R’.

Since ¢ € C(]0,T7], sz(Ri)), from the theorem on non-continuable solutions it follows that for any
X € [Ri and p e R’ there exists a unique non-continuable solution of (3.1)—(3.4) on some half-open inter-
val [0, 7 (x, p)) with T (x, p) < T. We denote this solution (X5(x, p, 1), P (x, p, 7).

Lemma 3.1. Let o€ M, ;. Then

1
IPY(x,p,0| < p+32%R (B=1l) (3.5)

forallxe R}, 0<1< Tf(x,p), and |p| < p.

Proof. Multiply Eq. (3.2) by Pq? . Then we have

1d
2dt
From this inequality we obtain

|P2(x, .0 = —Be(V . 0(X L, 1), PY(x, p,7) < o]V (X2, DI PE(x, p, T

d%le(x, 20 < oV, o(XE, D). (3.6)

Integrating (3.6) from 0 to ¢, we get
t t
|23 e, p 1) < Il + e IV, 00X D, ldt < p + 3" o, Dl (3.7)
0 0

Since ¢ € M, , inequality (3.7) implies (3.5).
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546 SKUBACHEVSKII, TSUZUKI

We introduce the matrix

cosO —sin0

R(6)=( j, 6e R

sin® cos6

A multiplication by the matrix R(0) corresponds to rotation by the angle 0 in a plane. The following
statement allows to apply properties of this operator to the investigation of trajectories of charged particles
in the presence of the Lorentz force in (3.2).

Lemma 3.2. The matrix R(0) has the following properties:
(@) R(B)R(O,) = RO, +6,), 6,,0,eR;
(b) R®)" = R(mO), 6 R, meZ,

(c) C;ieR(e) = R(/2)RO) = RO+ 7/2), 0eR;

(d) |[RO)x| =|x, 0eR, xeR’
(e) exp(tR(0)) = exp(fcosO)R(¢sin B).
Proof. Properties (a)—(d) are evident.
Let us prove property (e). Clearly

cos(n0) —sm(ne)j (3.8)

_ t" t"
exp(tR(6)) = Z = R®) 2 —Rn®) = Z n,(sm (19) cos(r)
Using the Euler formula, we obtam
exp(texp(i0)) = exp(t(cosO +isinB)) = exp(fcosO)[cos(rsin O) + isin(¢sin 0)]. (3.9)

On the other hand, we have

o

exp(texp(i9)) = z —exp(zne)z —cos(ne) + ’Z —sm(ne) (3.10)

n=0

From (3.9) and (3.10) it follows that

Zt—’ cos(n0) = exp(tcosB)cos(zsin 0),
ol

(3.11)
Z—sm(ne) = exp(fcos0)sin(7sin ).

n= O
Finally, (3.8) and (3.11) imply that

cos(tsin @) —sin(zsin )

sin(fsin 6) Cos(tsine)jeXp(tcose)R(tSme)-

exp(tR(0)) = exp(tcos 6)(

Lemma 3.3. Let Condition 2.1 hold. Then for all g€ M, ;r a solution (Xg(x, 7)), P(pﬁ(x, 7)) of
problem (3.1)—(3.4) on the interval |0, T(E (x,p) ([ q? (x,p) £T) has the following properties: if
58/8< x,<x—-8/8, pe B, then T)(x,p)=T, |Xh(x,p,1)—x|<8/8, and P¥(x,p,v)e B, for all
1€ [0,7).

Proof. 1. We prove that Tf(x, p) =T and |X£1(x, p,T)— x| < d/8forall Te [O,Tﬁ(x, D).
Assume to the contrary that either TB(x p)<T or |X£’1(x, P, Ty) — x;| = &/8 for some 1, € [0, Tq?(x, D).

Note that 7(x, p) < T implies lim X5(x, p,7) = 0 and hence | X} (x, p,Ty) — x,| > 5/8 for some

‘t—)T (x,p)-0

T € [0, Tq?). Since X(El(x, p,0) = x,, then forsome 1,, 0 < T, < T(f(x, p), we have
Koot =xik=8/8, [Xf(x,p,0-x|<8/8 (tel0,1)). (3.12)
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By virtue of Condition 2.1, we can rewrite equation (3.2) in the form

dPB(T) 0 hoO
B Vx(p(XB,r)+ Bel 400 Pl (1€ (0,1).
drt m c 000

Hence

PP p
01 (D) _Beh pm Pa(@) _ 5
dTLPZm} e " Py |~ PV ®e D (£ @)

Multiplying the last equation by exp (TB—? R (7—;)), we obtain

mc
d|. ( Beh ( )) ﬁ(T) _ Beex ( Be ( )) X7
dt p mBC 2(1) p C 7 (x1, xz)(p ol>
(te (0,7))).

Using Lemma 3.2(e) and integrating (3.13) from O to ¢, ¢ € (0, T,), we have

i) o -t o

Therefore from (3.1) we get
Xk
[ (gl( l)\J[XI}'i'I] +12,
X () )\ X2

e (A

R((r )Beh) oy X Ty,

where

T

et}

m

S

We calculate 7, and 7,.
By virtue of Lemma 3.2 (c¢), (a) we have

n=geal (e D ) - g ) ool
1—cos| 1, eh Bsin| 1, eh
)

Ben Bsm(‘c1 eéz) l—cos(‘cl%)

mc

Hence we obtain

1 1 )
2 5 1
|111| < < (l - COS(Tl %)) + sin (T] eéz ) |p| < _2 c(l — oS (Tl e{;l j)Z Ipl
eh m'c m'c eh mPe

\If(Tl)Ipl \II(T)IPI
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On the other hand, using again Lemma 3.2(c), we see that

T (T A
B R —
(U

mc

T

1
- EHR ((r - II)MJ - R(O)}R(—E)V(x oS pdT = .
hy mPe 2/ " I,
Then similarly to (3.15) we have

T

1
2 2
ISES] ([l - cos((r - m%D +sin’ ((r - m%j} IV (o ®(X g, DI T
h ’ m-e m-e

. 3 . (3.16)
< 2D IV g 0B DT < 29D ot Dl
0 0
From (3.12), (3.14)—(3.16) it follows that
1 T
© = e p ) =l S Ul + | < w(T)ﬁ—;{p + 2% ||<p<~,r>||ler
0 (3.17)

1
< \|/(T)£[p + 2%1&].
eh
On the other hand, (2.8) imply that
1
2\y(7)| p +3%R | < 3.
eh 8
This contradicts (3.17). Thus we have proved that Tq? (x,p)=T and |X gl(x, p,T) — x| < 6/8 for all

te[0,7).

2. From (2.9), (2.10) it follows that p + 3"2eR < p;. Therefore, by virtue of Lemma 3.1, |P(f(x, P, < p,

forall x, € [5?5’% —g}, pe By, andre [0.7).

Corollary 3.1. Assume that the following condition holds.
Condition 3.1. Let Be C'"°(R’), and let B(x) = (0,0, 4) for §/4 < x, < », where

%(mﬁem <h, (3.18)
e
%,0,p, R,h > 0 do not depend on x.

Then, for any o€ M, sz, X€ Rss, and pe B,, we have Tf(x,p) = oo, and Xg(x,p,r)e Ris4s
PP(x, p,7) € B, forall Te [0,0).

3.2. We now consider system of differential equations (3.1), (3.2) on the interval (0,7), 0 < ¢ < T, with
initial conditions

Xoleer =y B ==, (3.19)
Plei=q (B==D. (3.20)

By virtue of the theorem on non-continuable solutions, it follows that for any y € Ri andgq € R there
is a unique non-continuable solution of problem (3.1), (3.2), (3.19), (3.20) for te (T(f(y, q,0),1],
0< Tf(y, g,1) < t. Denote this solution by (Xf;(y, q,t,7) Pf(y, q,t,7)).
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Similarly to Lemma 3.3 we can prove the following statement.

Lemma 3.4. Let Condition 2.1 hold. Then for any ¢ € M, s a solution (X ([;(y, q,1,7), Pq? (,q,t,7)) of
problem (3.1), (3.2), (3.19), (3.20) on the interval (T(f(y, q,0),11 (0 < T(E(y, q,1)) has the following properties:
if 56/8<y, <%-98/8, gqe B,, and 0<t<T, then T(E(y,q,t) =0, |X£’l(y,q,t,”c) -yl <d/8 and
Pf(y,q,t, T e B, forallte (0,1].

Corollary 3.2. Let Condition 3.1 hold. Then forany g€ M,,;z, y € Riss, q € B,,and 0 <7 <T,we
have T0(y,4,1) = 0, X2(1,¢,1,7) € Rig 4, and PY(y,q,1,7) € B, .

4. CHARGED PARTICLES DENSITY DISTRIBUTIONS
4.1. Denote
Qf = R4 N B )X B,, (4.1)

P x+Tp1/mB.

where %

Let Condition 2.1 hold, and let g € M,,; z. Then from Lemma 3.4 it follows that for any (y,q) € Qg
and 0 <7 < T, there is a unique non-continuable solution (X f;(y, q,1,7), Pf (»,q,t,7)) of problem (3.1),
(3.2), (3.19), (3.20) on the half-open interval (0,7]. Extending the functions X (»,4,%,7), P(1,4,1,7) by
continuity at T = 0, we set Xg(y, q,t) = X([;(y, q,t,0) and }A’(E(y, q,t) = Pf(y, q,1,0).

Given 0 < # < T', consider the map .SA’(E,T(y, q): Qg - Q?P,, ={(x,p):(x,p) = S’(p,,(y, q, (¥,q) € QE’} given
by

So:0n @) = (X300, 4.1), By, 4.1)).
Since e M, zand Be ¢ 1J'G([R{i), by theorem on differentiability of the solutions with respect to the
initial data, the function 3’3,( ¥,q) is continuously differentiable with respect to y and ¢ on the set Qg.
Let Spo(x, p) = (x, p).
Clearly, forany 0 < ¢ < T, the map Si,: Q?py, - Qg given by
Serx: p) = (X, p,1), Py (x, p,1))
is the inverse map to 3‘3,, ie.,
Soi(Spux, ) = (x,p)  ((x,p) € Q). (4.2)
We extend the map § g’, by continuityatz =T7'.

Since ge M,,;zand Be C"°(R’), by theorem on differentiability of solutions with respect to initial
data, the function S, (x, p) is continuously differentiable with respect to x, p, and 7 for any 7 € [0, 7] and
(x,p) e Qit. Therefore from (4.2) and continuous differentiability of 5‘3, with respect to y and ¢ it follows
that the function 3‘31, V,q € Qg, is continuously differentiable with respect to ¢.

Lemma 4.1. Let Condition 2.1 hold, and let € M, . Then

x5 0| R )

o (P e 0<r<T, j=123), (4.3)
o, || ox |
where
cy = exXp (max {3eR + \/_i‘_)f(B)lT, L_IB 4.4)
cm m
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Proof. Let (x, p) € QE. The variational equations for system (3.1), (3.2) have the form

B B
[aa}; J - IB aai) 0 <1<, (4.5)
23: IQX . D) 0X
d‘c ax p= X ach axj
3 B B
+B—B FP B(XB)} 0B ()é“’)% 0<T<0). (4.6)
m'e || 0x; ~ Xy Ox;

By virtue of (3.19), (3.20) with y = x and ¢ = p, the initial conditions for system (4.4), (4.5) will take
the form

ox’ Py
¥ = d;, L 1lee=0 (i =1,23). “4.7)
ox; o 9x, ;
axXb 9Py
Multiplying both sides of (4.5) and (4.6) by a— and —~ 5 , respectively, we pass to the new variable
X X ;

€ =1 and integrate the obtained equalities with respect to & from T to ¢, taking into account initial
conditions (4.7). Then we change to the new variable s=7—-&. Let X, (E(s) =X g(t —s) and
PP(s)= Pt - 5), and let 1, = ¢ — 1. Then we have

B B
0Xo(®) jap o Oys 0<r, <),
ox; ﬁ X ;
05 () a)(@(s)| ep, , o (P2
x| <3j||<p< =9l Sy s+ <B>1j| o, |4 O<n<n

From these inequalities and the Gronwall lemma we obtain

oXew) | pre| _[oXpwl PP L e (4.8)
ox; | - |

|8x||8x |_ ij||

Setting T = 0 in the functions

X8| [oxix, p.1,7)

0Pb)| [0Pb(x, p.1,0)
lox; | | ox, |

e

J

and

we obtain (4.3) from (4.8).
4.2. Denote

I = Rss N By 5% By, (4.9)

where x? > 0 is given by (4.1).

Lemma 4.2. Let Conditions 2.1 and 2.2 hold. Then, for any ¢ € M,,;r and 0 <t <T, we have
supp /(85 (x. p)) = D,
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Proof. It is sufficient to show that S}, (supp /") ¢ @%. By virtue of Condition 2.2 supp £ < %,. We
prove that S(Ey,(@o) c QD%. Let (x, p) € 9,. Then from Lemma 3.3 it follows that Sq[i,(x, p) € Rig X B, .

By assumption |x| < » — /8. Therefore, since |Pq,B (x, p,7) £ p; (0 £ 1 <7), from (3.1) we obtain

t
T
X (x, p,1) < IXI+LBIIP§(x,p,T)IdT < %—g+—pﬁ'= P —
m 0 m

co |

Let Conditions 2.1 and 2.2 hold.
We define the function ff (x, p,t) by the formula

FEE ) ((pye B, 0<1<T),

ff(x,p,t)={ 3 3 o
0 ((,pe RIXRND,, 0<2<T),

where Qe M, ; z.

(4.10)

By virtue of Lemma 4.2, supp fOB(SA'g,,(x, p)) C @%. Hence, using the characteristics method and con-

tinuous differentiability of the functions S’i,(x, p) with respect to x, p, t we see that for any given function

@€ M, there exists a unique solution of problem (1.2), (1.3) in C I(Ri XR x[0,71]). This solution is

given by (4.10).
Denote

Fen= [ Y Bl pndp (xeRL 0<1<T),

R B=t1

.11

Remark 4.1. By virtue of Lemma 4.2 and formula (4.9), supp f(S5,(x, p)) € R3ss N B s, )X B,,.

Hence in (4.11) we integrate over B, . Therefore the integral in (4.11) exists.

5. HOLDER ESTIMATES

5.1. In this section we prove Holder estimates for functions Fy(x,7) (0 € M,.;z)-
Repeating the proof of Lemma 4.2 in [31], we obtain the following statement.
Lemma 5.1. Let Conditions 2.1 and 2.2 hold, and let 9 € M, z. Then

™3
Fy e C([0,T], C°®Ry)).
Denote m, = max||[ff|l, (s >0).
p

Lemma 5.2. Let Conditions 2.1 and 2.2 hold. Then, for any ¢ € M, sz, we have

— <
HF"’”Ll«o,T),C"(Ri)) = o,

where ¢, = 2B, |(1 + 3°2eT, ¢, > 0 is the constant from Lemma 4.1.

Proof. From formulas (4.10), (4.11), and Remark 4.1 it follows that

Fu(enl <Y [ 100 p0ldp < 2AByJmy  (xe RL0<r<T).
B lpl<ps
On the other hand, using the Taylor formula and Lemma 4.1, we obtain

BuFOI< Y [ 1Bucfs i p0ldp < mgy [ 184585, p)°dp
B Ipl<p, B et
<2-3°?|B, legmgAX°  (xe R}, 0<1<T),
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where ¢, > 0 is the constant from Lemma 4.1. Therefore we obtain
1Fo-Dllo < 2By |mo(1 +3°7cD). (5:4)

Integrating (5.4), we obtain (5.1).
Lemma 5.3. Let Conditions 2.1 and 2.2 hold. Then, for any ¢,,¢, € M,,;r and 0 <t < T, we have

|Fo, (1) = Fo, (,Dll6 < comy @) — (Pz||L((0t)C([R ) (5.5)

where ¢, = ¢,(T,8,p, R,||Bll\.,0) > 0 does not depend on ¢, and @,.

Proof. 1. From Remark 4.1 and the Taylor formula we derive the following estimate

[Fo 5.1 = Foy G < 3 [ 006 1) = £x 1) dp

" <o (5.6)
<Y [ {&0Gopn—X06epn|+|Bhx p - BhGepoffdp  (O<t<T),

B |pl<p,

We now estimate the right-hand side of (5.6). Let
(X5 (0, PE(D)} = (X0 (x, p,1,0), Po(x, .1, D)),

where (x, p) € QD%, T e (0,7], be the solution of system (3.1), (3.2) for ¢ = ¢,, [ = 1,2, with initial condi-
tions

X0 pt, Dl = %, Po(X, 0,1, Dleey = P (5.7)

Then, using again the Taylor formula, we have

4 (xb-xby="L@-Pl) (0<t<) (5.8)
at mP
3 1
%(Pﬁ -py=pey. | {—Vm}(x +o(x - x5 ) 1ao
J=l 0

><(‘X(p]j (pzj) Be(v)((pl(/\/(p2 T) VX(pZ(X(pZ ))

+ %[1{5 ~ P2, B(XE)]+ %[Pqi, B(XD)-B(XE) <1< (5.9)

We multiply Egs. (5.8) and (5.9) by X, (El -X 52 and P('PI — sz , respectively, pass to the new variable
s = 1, and integrate with respect to s from T to #, 0 < T < ¢. Then, taking into account initial conditions (5.7),
by Lemma 3.4, we obtain

t
X = Xyl 5 [1R) - Pholds

[P (®) = Py (0] < 3 llonC, )X b (5) = X, (s)lds (5.10)

+ e Iy = @20, 9)hds +3B5(B), [ LG ) - X, 5}
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We introduce the new variables s, =¢—s, T, =¢— 7T and define )?2/_(171) = Xf;/_(’c), f’fj(‘cl) = Pg’/_(’c),

j =1,2. Then from inequalities (5.10), formula (2.10) for p, and p,, and the Gronwall lemma we derive
the following inequality:

X5 = X5.(0) + |PY() - PLo] =8 (v) - &8 (1))

) i (5.11)
+ |PE,](171) - sz(T1)| < killo, — ¢2||L1((0,t),c'(ﬁi))’
where k, = k(T 8,p, R,||B||;) > 0 does not depend on @,, @,.
Putting T = 0 in (5.11), we have
1X5.(0) = X () + | P2 (0) = Ph(0) = |2 (x. p.1) = £ (x, p.1) 512
+ 1B (e p.0) = Po o OIS Killor = @all, (o o '

From inequalities (5.6) and (5.12) it follows that

su13|Fq,](x, 1) = Fo,(x,0) < 4my| B, |ki[|@, — (p2||L1((0’r)’Cl(Rfi)). (5.13)

xeR;

2. Let (8,,./)(x) = f(x + Ax) — f(x), where |Ax| < §/8, and the function f(-) is defined at the points x,

x + Ax. For any domain % c R’ denote 9° = {x € R’: dist(x, %) < €}, € > 0. From (4.1) and (4.9) we
have

(Riss "By o )" x B, < Qf. (5.14)
Therefore, using Remark 4.1 and the Taylor formula, we obtain
BarFo (1) = Fo, (s DI < D" [ Baclfi e P = fi (e ptDldp < 3 D 1, (5.15)
B Ipl<p: B =12

where

13
1= [ dp[ D 18ucffe, (55, + 0S5, = Sh XD (x +Ax, p1)

lol<pi 0 J=1
— X g, (% + Ax, p,0)| + 85 filp (S, + 0S5 = S5,.0)
x (B (x+ Ax, p.t) = PP (x + Ax, p.1))}d6,
13
k= j dpj Z {lf&j(ﬁgz,, + 9(3’{21,, - S&J))SAX()?S.,, _ ng,j)l

lpl<pr 0 J=1

+ Vfop (85, +6(Sh, — 85, ))8a(PE - PY ))db.
Let us estimate IIB. By virtue of inequality (5.11) and Lemma 4.1, we have

1P < kymy | B, lcs o, AX[°, (5.16)

= @all, o)

where k, = k,(T,8,p, R,||Bl|,) > 0 does not depend on ¢, and ¢,.
Clearly,

15 < 2my| B, {81 (X g, = X o)l + [8a(Pyy — P (5.17)
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To estimate the right-hand side of (5.17), we apply the operator d,, to both parts of system (5.8), (5.9).
Then we have

4 (X~ X0y =18, (PE-PY), 0<1<y,
dt m
) : (5.18)
B_pby = gS 8
;15AX(P¢] —-Py)= Buzzl: Ji, 0<1t<y,

where

3 1
JP == j B4, %Vm)(){}; +0(XD — X0),ndex (X5 (x+ Ax, p,1,7)
i=l g J
B
- X(pz,j(x + A.X, D1, T))a

3 1
Jg’ = _ez j (a%vx(pl)(ng + e(X(El - X‘Ez)’ T)desAx(X‘El’j N X(Ez’j)’
=g T

JY = =68, (V x0,(X,. 1) = V 0, (X$, D),
JB = ﬁ[sm(pg — P0), B(X} (x + Ax, p,1,7)) ],

JE = S[P) - P8, BX)))
mc
J§ =S [8,. P, BOXY (x + Ax, p,1,7) = BOXS (x + Ax, p,1, D)),
mc

J7 = ﬁ[P(EZ,SAX(B(XSJ - B(X2 )1
From (5.11), (4.8) and Lemma 3.4 we obtain
P < &3l10,C Dol — 0] — |AX]°,

Li((0,7),C"R))
|J§| < ks”(Pl(‘a’l7)||2|6Ax(X$1 - ng)“a
81 < Kl = @) ¢, Dl JAX)
3] < ksl u(Py — PO (5.19)

Bl <« _ o
|/5] < ksl (Pz||L]((0J)7C1(Ri))|Ax|a

p _ _
gl < ksl (pZHL,((o,z),c‘(Ri))
1< ka0 = @l ) v | A7 + 1Bac(X g, = XD,

where k; = k5(T,8,p, R,||Bl|;,s) > 0 does not depend on ¢, and @,.
By virtue of (5.7), the initial conditions for system (5.18) have the form

Ba(Xy = Xl =0, 8u(Pyy = Py = 0. (5.20)

Integrating system (5.18) from 1 to ¢, 0 < T < ¢, with initial conditions (5.20), by virtue of (5.19), we
have

|Ax},

8.,(X5.0 = XL < =5 [ 18,0 ~ P Ods

Ax[° (5.21)

18 (Por () = Py, (D) < Kalgy = @all, ) o 1A

+ [ (XD (5) = XD (s)hds + By (PE(s) = PE()lds),

T
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where k, = k4(T,0,p, R,||Bl|;.s) > 0 does not depend on @, and ¢,. Changing the variables in (5.21) and
using the Gronwall lemma, similarly to (5.11) we obtain

18X g, (D) = X, ()| + 8Py () = P (DI < kslllpr = @l ) oz, | AN, (5.22)
where k5 = ks(T,8,p, R,||Bl|;,s) > 0 does not depend on ¢, and @,.
Inequalities (5.15)—(5.17) and (5.22) imply that
|8AX(F(p](x7 t) - F(pz(x’ t))l
AxF < keisll@r = @all, () 2 (5.23)

where k¢ = k¢(T,9,p, R,||Bl|,.s) > 0 does not depend on ¢, and @,.
From (5.13), (5.23) and Remark 2.1 we obtain (5.5).

6. EXISTENCE AND UNIQUENESS OF CLASSICAL SOLUTION
6. 1. First we consider the auxiliary problem

—Au(x) = F(x) (xeR)), (6.1)
Uy =0 (x'€ R (6.2)
Let Cy(R®) = fwe CER2Y: w(x) — 0 as |x| — o).
Lemma 6.1. Let Q c R’ be a bounded domain, and let Q [R{i. For any F € CS([RTi), there exists a
unique solution u € C erc‘([R?fr) N CO(@) of problem (6.1) (6.2), and
lll+5 < sl Fls, (6.3)

where c; = ¢;(€,6) > 0 does not depend on F .
For a proof, see Lemma 5.3 in [31].
6.2. Now we can formulate the main result of this paper.
Theorem 6.1. Let Conditions 2.1 and 2.2 hold. Assume also that the following inequality is fulfilled:

4mec,c;ms < R, 6.4)

where c;,c; > 0 are constants from Lemmas 5.2, 6.1 with Q = [RE;S,S NB i 4.
Then there exists a unique classical solution of problem (1.1)—(1.4) such that ¢€ M,,;r and
suppfﬁ(-,-,t) c QD% forallte [0,T].

Proof. 1. For each function ¢ € M, z, we denote by u, a classical solution of problem (6.1), (6.2)
with F =4neF,y(x,r), where the function Fy(x,7) is given by (4.11). By Lemmas 4.2 and 5.1,

F, e C([0,T], CS(R?})). Therefore Lemma 6.1 implies that u, € C([0,71,C 2+<’([RTi)). Denote u,, by A.
By assumption, 4mec,c;m, < R. Hence, by virtue of (5.1) and (6.3), we have
l4@l167 < R for @& My, g4 (6.5)

Therefore the operator A maps M, r into itself.

2. In the complete metric space M,,; r We introduce the equivalent metric given by

P (01, 0y) = sup(|Q,(, 1) — @,(, )56 €XP(—K1)),

0<t<T
where k > 0 is sufficiently large, @, ¢, € M, ;-
From Lemmas 6.1 and 5.3 it follows that

(A, = AQy) ¢, Dllrss < 47"79C3||(Fq>1 - F(pz)(‘,f)“c < dmem,, o¢2¢5]| ¢, (6.6)

= @all, oy
forany ¢, ¢, € Mj.sz-
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Clearly,

t

llo, — (Pz||L]((0J)’Cz(Rfi)) exp(—kt) < I (@, — ©2)C, 9)l216 €xP(—ks) exp(k(s — 1))ds

0

t
< p'2+c,R((P1a(P2)J- exp(k(s —1))ds < ip'2+0,R((pls(p2)-

0

Therefore, multiplying (6.6) by exp(—k¢) and taking the supremum as ¢ € (0,7"), we obtain

' 4dtem,, C-Cx
P1o.r(AP, AP,) < %“pzw(cpl,cpz).

Let k = 8mem,, 4c,c5. Then we have
Al 1 L}
Paio,r(AP), AD,) < §p2+c,R((p1a 0,)- (6.7)

From (6.5) and (6.7) it follows that the operator A: M,,; . — M,,; has a unique fixed point
@€ M, ;- Thus problem (1.1)—(1.4) has a unique classical solution {@, f(f }, where @ is a fixed point of 4
and fq? is given by (4.10). From Lemma 4.2 we obtain supp f(f(-, 1) C @% forallt e [0,T].
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